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ABSTRACT
In this paper the optical depths in blazars due to photo-pair production is calculated
for a time-dependent, non-linear injection model. Several target photon fields are taken
into account, namely the internal synchrotron, synchrotron-self Compton and external
Compton radiation, as well as a constant external soft photon field. By applying
the optical depths to theoretical blazar spectra only the constant external photon
field turns out to significantly influence the radiation at high energies. The impact
of the internal time-dependent radiation fields is either minor or requires extreme
parameter settings. Additionally, the synchrotron-self absorption turn-over energy for
low synchrotron energies is calculated, which is inherently time-dependent. It would
be challenging to use it to constrain free parameters, since precise knowledge of the
observation time relative to the injection time is needed. In conclusion, optical depth
does not significantly influence the non-linear, time-dependent injection and cooling
model.
Key words: radiation mechanisms: non-thermal – BL Lacertae objects: general –
galaxies: active – relativistic processes
1 INTRODUCTION
In view of the unified model of active galactic nuclei
(Urry & Padovani 1995) blazars are active galaxies, where
the angle between the line of sight and the jet is very small
and the emission of the jet is strongly Doppler boosted out-
shining in some cases the host galaxy. Blazars are variable
on all time scales from years down to just a few minutes.
Thus, they are extremely useful to analyse the properties
and physics of relativistic jets in very different emission
states.
The spectral energy distribution (SED) of blazars is
characterized by two broad components. The low energetic
one peaks in the infrared to X-ray part of the spectrum,
and is attributed to synchrotron emission of highly rela-
tivistic electrons. The high energetic component peaks in
the MeV to TeV energy regime, and its origin is a mat-
ter of debate. In leptonic models (Bo¨ttcher 2007) the high
energetic emission is attributed to inverse Compton radia-
tion by the same electron population scattering the ambi-
ent photon fields, namely the self-made synchrotron emis-
sion (synchrotron-self Compton, SSC, Jones et al. (1974))
or ambient external photon fields (external Compton,
EC, e.g. Dermer & Schlickeiser (1993); Sikora et al. (1994);
Blazejowski et al. (2000)). In hadronic models the high en-
ergetic component originates from protons, either by direct
proton synchrotron emission, or via by-products of photo-
meson production (Mannheim 1993; Bo¨ttcher et al. 2013;
Cerruti et al. 2015). This paper deals with the leptonic sce-
nario, where protons, if available, only serve as a cold back-
ground.
The standard one-zone model for blazar emission at-
tributes the detected radiation to a homogeneous, spherical
volume located somewhere in the jet. The particles are con-
tinuously injected into the blob resulting in an equilibrium
situation, which has the advantage of an easy mathemati-
cal solution for the differential equation describing the elec-
tron distribution function. This model has been successfully
used in many blazars to describe both quiescence and flaring
modes.
In recent publications a small change of the one-zone
model has been discussed, which has profound implications
for the resulting spectra and light curves. Namely, the con-
tinuous injection has been replaced by a time-dependent in-
jection.
In such a scenario the electrons cannot reach equi-
librium, as long as no continuous re-acceleration is pro-
vided. Since the electron cooling due to SSC emission
depends on the self-produced synchrotron photon energy
density, which in turn depends on the electron distribu-
tion function itself, the SSC electron cooling becomes non-
linear and time-dependent. Obviously, this has strong con-
sequences. As was shown analytically by Schlickeiser (2009)
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and Zacharias & Schlickeiser (2010) using an instantaneous
injection of the radiating particles at time t = 0, the non-
linear cooling significantly reduces the cooling time scales
compared to the standard linear (and continuous) model.
Additionally, in a non-equilibrium model the cooling
behaviour can change with severe impacts on the emerg-
ing radiation. On the one hand, cooling due to synchrotron
and external Compton emission is linear, at least in a sim-
ple model as utilised in this work (but see for example
Schlickeiser & Lerche (2007)). On the other hand, the ef-
ficiency of the SSC cooling term decreases with respect to
time, since the energy density in the synchrotron photons de-
creases due to the energy losses of the electrons. Hence, after
some time the linear cooling terms become stronger than
the SSC cooling term, and the cooling behaviour changes
from non-linear to linear. Using the instructive example
of a monochromatic particle injection with initial electron
Lorentz factor γ = γ0, the changing cooling effect has
been explored first by Schlickeiser et al. (2010). Further im-
plications have been presented by Zacharias & Schlickeiser
(2012a,b, 2013); Zacharias (2014). In summary, each com-
ponent of the emerging SED exhibits an additional break,
which is solely due to the changing cooling behaviour with-
out the need for complicated electron distributions. Further-
more, the emerging lightcurves show strong differences com-
pared to a purely linear model, like a reduction of the vari-
ability time scale at high energies, while the variability at
low energies follows the conventional time scales.
In this work the important aspect of photo-pair produc-
tion in the time-dependent injection scenario is discussed.
In photo-pair production a high energetic photon interacts
with a low energetic photon producing an electron-positron
pair. If the energy sum of both photons exceeds at least
twice the electron rest energy an electron-positron pair is
created, while the photons are destroyed. Hence, the source
becomes optically thick and the detected flux can be signif-
icantly reduced. Here, the implications on the optical depth
by the time-dependent injection model are presented and
compared to the standard one-zone model.
In section 2 the photo-pair production and the necessary
integral formula is described. The following sections intro-
duce first the soft photon fields, namely the internal time-
dependent synchrotron, SSC and EC radiation, followed by
the calculation of the respective optical depths. In section
6 the optical depth due to the external soft photon field is
calculated. The influence of all these photon fields on the
SED is discussed in section 7 by applying the absorption to
model SEDs. The results are summarized in section 8.
Synchrotron-self absorption is an important process for
low energetic synchrotron photons. The calculations have
been performed by (Zacharias 2013, ch. 3) and are briefly
described in appendix C for the sake of completeness. The
description concentrates on the synchrotron-self absorption
transition energy, which can potentially be used to constrain
the free parameters. Details with respect to the emerging
synchrotron SED can be found in Zacharias (2013).
2 PHOTO-PAIR PRODUCTION
High energy photons can be absorbed in photo-pair produc-
tion where the high energy photon couples with a low ener-
getic target photon producing an electron-positron pair:
γ + γ → e− + e+ .
The optical depth is calculated along the path of the γ-
ray from its origin to the observer through a target photon
field. If the target photon field is isotropically distributed in
a sphere around the γ-ray radiation zone the path length
equals the radius R of the target photon sphere. Then, the
optical depth is derived by
τγγ(ǫ1, t) = R
∞∫
0
nph(ǫ, t)σγγ(ǫ, ǫ1) dǫ , (1)
with the target photon number density nph(ǫ, t), the pair
production cross section σγγ(ǫ, ǫ1), the normalized target
photon energy ǫ, and the normalized energy of the high ener-
getic photons ǫ1. The energies are normalized to the electron
rest energy as ǫ = Eph/mc
2. For internal target photon fields
the path length R equals the radius of the emission blob
Rb, while for external soft target photons the path length
is denoted as Rex being typically larger than Rb. The time
variable is marked as t.
Since the intensity of an optically thick source is cor-
rected by the factor e−τγγ , a rule of thumb says that a source
is opaque if τγγ(ǫ1, t) > 1. This rule is utilzed below to derive
the energy regime for which the source is optically thick.
The pair production cross section is given by, e.g.,
Aharonian et al. (2008) as
σγγ(s) =
3σT
2s2
[(
s+
1
2
ln s− 1
6
+
1
2s
)
ln
(√
s+
√
s− 1)
−
(
s+
4
9
− 1
9s
)√
1− 1
s
]
, (2)
with s = ǫǫ1, and the Thomson cross section σT = 6.65 ·
10−25 cm2.
This form of the cross section is not useful for analyti-
cal calculations. A simpler form of the cross section is used
below, which takes into account that the maximum of the
cross section is actually very close to the minimal energy
requirement ǫ = 2/ǫ1 (in order to have sufficient energy to
produce the electron-positron pair at rest). Hence, a delta-
function approximation is employed, which is according to
Dermer & Menon (2009, ch. 10.2)
σγγ(ǫ, ǫ1) =
σT
3
ǫ δ
(
ǫ − 2
ǫ1
)
. (3)
The target photon number density nph(ǫ, t) can be re-
lated to the target photon intensities I(ǫ, t) as follows:
nph(ǫ, t) =
I(ǫ, t)
cǫ
, (4)
with the speed of light c = 3 · 1010 cm/s.
Inserting equations (3) and (4) in equation (1) yields
τγγ(ǫ1, t) =
RσT
3c
I
(
ǫ =
2
ǫ1
, t
)
, (5)
where the path length R needs to be specified according to
the cases considered.
Below, the optical depth is calculated for several target
photon fields. First, synchrotron and SSC target photons
are utilised (section 4), followed by the EC photons (section
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5). The respective intensities necessary for equation (4) are
presented in section 3, and briefly derived in appendix A.
For these three cases R = Rb.
As a fourth example the external photons themselves
are used, although the target photon number density needs
to be derived in a slightly different way, which is described
in section 6. In this case the path length becomes R = Rex.
3 INTERNAL INTENSITY DISTRIBUTIONS
The derivation of the internal synchrotron, SSC and
EC intensities in the outlined scenario (i.e., instanta-
neous injection of monochromatic electrons: Q(γ, t) ∝
δ (γ − γ0) δ (t)) has been performed by Schlickeiser et al.
(2010); Zacharias & Schlickeiser (2012a,b). A short sum-
mary of the calculations and the definitions and values of the
parameters is given in appendix A. In this section, only the
important results for the following calculations are quoted.
The solutions to the kinetic equation (see equation
(A1)) are dependent on two parameters, namely the external
Compton parameter lec and the injection parameter α. They
are discussed in some detail, since they govern the cooling
behaviour of the source.
The external Compton parameter lec is defined as the
ratio of the linear cooling terms:
lec =
|γ˙ec|
|γ˙syn|
=
4Γ2b
3
u′ec
uB
. (6)
Here, uB = B
2/8π is the magnetic energy density of a tan-
gled magnetic field with strength B = bGauss,1 and u′ec the
energy density in external photons in the galactic frame.
The prefactor gives the angle-averaged Lorentz transforma-
tion from the galactic to the comoving frame for an isotropic
photon field traversing the emission blob. The blob moves
with Lorentz factor Γb (Dermer & Schlickeiser 1993).
The injection parameter α is defined as the square root
of the ratio of the non-linear to the linear cooling terms at
time of injection:
α2 =
|γ˙ssc(t = 0)|
|γ˙syn|+ |γ˙ec|
=
A0Q0γ
2
0
D0(1 + lec)
. (7)
The parameters are D0 = 1.256 · 10−9b2 s−1, and A0 =
1.15 · 10−18R15b2 cm3s−1. The initial Lorentz factor of the
electrons is γ0. The source radius of Rb = 10
15R15 cm is
scaled according to the rule K = 10xKx in cgs-units. The
electron density is given by Q0.
For α < 1 the cooling is dominated by the linear cool-
ing terms implying linear cooling for all times. If α > 1, the
non-linear cooling term initially dominates for times x < xc,
where the convenient normalized time x = D0(1 + lec)γ0t is
introduced. For later times x > xc the linear cooling terms
1 Note the result calculated by Bo¨ttcher (2014) that for polar-
ized emission, i.e. in an ordered magnetic field, the photo-pair
production is less important than in a tangled magnetic field.
control the cooling behaviour. The normalized cross-over
time is defined as
xc =
α3 − 1
3α2
(8)
depending solely on the value of the injection parameter.
The change in the cooling behaviour is the important con-
sequence of the model having strong consequences for the
resulting SEDs and lightcurves, as is outlined in the intro-
duction.
Equation (7) implies that a higher density Q0 of parti-
cles increases the probability of non-linear cooling, while a
strong external source (lec ≫ 1) decreases this probability.
A large value of the injection parameter could be realised by
a small emission region, since α ∝ R−1b (see also equation
(19) of Schlickeiser et al. (2010)).
Both equations (6) and (7) are strictly valid only in the
Thomson regime of inverse Compton scattering, since the
cooling terms as given in appendix A neglect the influence
of the Klein-Nishina effect at high electron energies. The in-
clusion of Klein-Nishina effects gives interesting results, such
as a hardening of the emitted synchrotron spectrum at high
energies or the suppression of inverse Compton radiation at
high γ-ray energies (Bo¨ttcher et al. 1997; Dermer & Atoyan
2002; Moderski et al. 2005). However, the inclusion of the
Klein-Nishina cooling term in the non-linear model would
complicate the calculations by a lot, which is the reason why
most of the studies are done numerically even for equilibrium
models. For simplicity and ease of the analytical work, the
Klein-Nishina cooling is neglected in the cooling terms. It is,
however, included in the calculation of the SSC and external
Compton intensity in appendix A3 and A4, respectively.
The soft external photon field, which is necessary to cal-
culate the intensity of external Compton photons, is mod-
elled as a line-like δ-function. Hence, the differential external
photon density transformed to the blob frame is given by
uec(ǫ) =
4Γ2b
3
u′ec δ (ǫ− ǫec) , (9)
with the normalized line energy ǫec
(Zacharias & Schlickeiser 2012b).
Performing the steps outlined in appendix A, the syn-
chrotron, SSC, and EC intensities become for α < 1, respec-
tively:
Isyn(ǫ, x) =Isyn,0
(
ǫ
ǫ0
)1/3
(1 + x)2/3 e
−
ǫ
ǫ0
(1+x)2
, (10)
Issc(ǫ, x) =Issc,0
(
ǫ
ǫt
)1/3
(1 + x)4/3 e
−
ǫ
ǫt
(1+x)4
× H
[
γ0
1 + x
− ǫ
]
, (11)
Iec(ǫ, x) =Iec,0ǫ (1 + x)
2G(q0(ǫ, ǫec, x))
× H
[
γ0
1 + x
− γmin(ǫec)
]
. (12)
Here, H [w] denotes Heaviside’s step function with
H [w > 0] = 1, and H [w < 0] = 0.
For α > 1 the intensities are split at the normalized
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time x = xc, yielding for smaller times
Isyn(ǫ, x < xc) =Isyn,0
(
ǫ
ǫ0
)1/3 (
1 + 3α2x
)2/9
× e− ǫǫ0 (1+3α2x)
2/3
, (13)
Issc(ǫ, x < xc) =Issc,0
(
ǫ
ǫt
)1/3 (
1 + 3α2x
)4/9
× e− ǫǫt (1+3α2x)
4/3
H
[
γ0
(1 + 3α2x)1/3
− ǫ
]
,
(14)
Iec(ǫ, x < xc) =Iec,0ǫ
(
1 + 3α2x
)2/3
G(q1(ǫ, ǫec, x))
× H
[
γ0
(1 + 3α2x)1/3
− γmin(ǫec)
]
,
(15)
respectively. For larger times the intensities become
Isyn(ǫ, x > xc) =Isyn,0
(
ǫ
ǫ0
)1/3
(αg + x)
2/3
× e− ǫǫ0 (αg+x)
2
, (16)
Issc(ǫ, x > xc) =Issc,0
(
ǫ
ǫt
)1/3
(αg + x)
4/3
× e− ǫǫt (αg+x)
4
H
[
γ0
αg + x
− ǫ
]
, (17)
Iec(ǫ, x > xc) =Iec,0ǫ (αg + x)
2G(q2(ǫ, ǫec, x))
× H
[
γ0
αg + x
− γmin(ǫec)
]
, (18)
respectively.
The constants are
Isyn,0 = 5.57 · 1019α
2(1 + lec)b
γ20,4
erg
cm2s erg
, (19)
Issc,0 = 3.67 · 1012α
4(1 + lec)
2b
γ40,4
erg
cm2s erg
, (20)
Iec,0 = 6.3 · 107 α
2(1 + lec)lecb
2
ǫ2ec,−5γ
4
0,4
erg
cm2s erg
, (21)
and αg = (1+2α
3)/3α2. The characteristic normalized syn-
chrotron photon energy is given by ǫ0 = 3.4 · 10−6bγ20,4,
while the normalized SSC-Thomson energy equals ǫt =
1.4 · 103bγ40,4, and γ0,4 = γ0/104.
The definition of the function G(qi(ǫ, ǫec, x)) is deferred
to section 5, equations (37) to (40). The remaining defini-
tions and parameter values can be found in appendix A.
4 PHOTO-PAIR PRODUCTION FOR
SYNCHROTRON AND
SYNCHROTRON-SELF COMPTON
PHOTON TARGETS
As can be seen from equations (10) to (18) in section 3,
the synchrotron and the SSC intensities exhibit a similar
structure, which can be summarized as follows:
Ii(ǫ, x) = Ii,0
(
ǫ
ǫi
)1/3
(v + px)n/3 e
−
ǫ
ǫi
(v+px)n
. (22)
The values for Ii,0, ǫi, v, p, and n for the respective cases
can be deduced from section 3 and appendix A.
With the general equation (22) the optical depth due
to synchrotron and SSC radiation can be calculated in one
step. From equation (5) one obtains
τγγ(ǫ1, x) = τi
(
ǫ1
ǫpk,i
)
−1/3
(v + px)n/3 e
−
(
ǫ1
ǫpk,i
)
−1
(v+px)n
,
(23)
where τi = Ii,0RbσT /3c, and ǫpk,i = 2/ǫi. The energy of
maximum optical depth becomes
ǫ1,max(x) = 3ǫpk,i (v + px)
n , (24)
implying an increase of the maximum energy with respect
to time. This is a first indication that the optical depth of
the source is not constant for these two processes. Inserting
equation (24) into equation (23) yields the maximum value
of the optical depth:
τmax,i = τi
(
1
3
)1/3
e−1/3 . (25)
Using the values for the synchrotron and SSC intensity the
maximum values become, respectively:
τmax,syn =0.2
α2bR15(1 + lec)
γ20,4
, (26)
τmax,ssc =1.4 · 10−8α
4bR15(1 + lec)
2
γ40,4
. (27)
Having found a specific maximum value for the opti-
cal depth implies that there should be two solutions for the
equation τγγ(ǫtra,i, x) = 1, where ǫtra,i is the transition en-
ergy from the optically thin regime to the optically thick
regime. Since equation (23) can be divided into two parts
(depending on the value of the exponential function), the
transition energies for both parts can be found as follows.
Assuming at first(
ǫ1
ǫpk,i
)
−1
(v + px)n ≪ 1 (28)
the exponential can be neglected, giving
τγγ(ǫtra,,x) ≈τi
(
ǫtra,i
ǫpk,i
)
−1/3
(v + px)n/3
!
=1 .
Hence,
ǫtra,i1(x) = τ
3
i ǫpk,i (v + px)
n . (29)
The other part is defined by(
ǫ1
ǫpk,i
)
−1
(v + px)n ≫ 1 . (30)
Slightly rewriting equation (23), it can be approximated as
τγγ(ǫ1, x) =τie
−
(
ǫ1
ǫpk,i
)
−1
(v+px)n+ 1
3
ln [
(
ǫ1
ǫpk,i
)
−1
(v+px)n]
≈τie−
(
ǫ1
ǫpk,i
)
−1
(v+px)n
. (31)
Equalling this to unity, the transition energy becomes
ǫtra,i2(x) =
ǫpk,i
ln τi
(v + px)n . (32)
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log(x)
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α = 20 , γ0,4 = 1 , lec = 50 , b = 1 , R15 = 1
τ
max,syn = 4080.00
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Figure 1. The plot displays the photon energy ǫ1 versus time.
The shaded area shows the optically thick energy range due to in-
teractions with a synchrotron target field. The darker area shows
the range where the optical depth actually applies, since the red
dashed curve shows the cut-off energy of the SSC intensity at
the respective time. The blue dotted line marks ǫ1,max(x), with
its optical depth value τmax,syn given in the top right corner.
Parameters are given at the top.
Since the transition energies imply
ǫtra,i2(x) < ǫ1 < ǫtra,i1(x) (33)
for the optically thick regime, the relation τ 3i ln τi > 1 must
hold. Otherwise, there is no absorption. This is fulfilled for
values τi & 1.4, which can be used to constrain α in the
synchrotron case
α > 1.8
γ0,4
b1/2R
1/2
15 (1 + lec)
1/2
, (34)
and in the SSC case
α > 84.8
γ0,4
b1/4R
1/4
15 (1 + lec)
1/2
. (35)
The optical depths due to synchrotron and SSC target pho-
ton fields cannot be neglected in non-linearly cooling sources
with α≫ 1. For linearly cooling sources it depends strongly
on the source parameters if photo-pair production by a syn-
chrotron target must be taken into account.
The interesting consequence of the limited range of en-
ergies, which is affected by the optical depth according to
equation (33), is that not all photons above a certain thresh-
old are actually captured. High energy photons might still
escape, while lower energy photons cannot. Over time both
limits increase. Interestingly, since the intensities drop signif-
icantly faster for high energies than for low energies, no more
high energy photons might be produced when the source be-
comes optically thick for them. The lower energy photons are
in the optical thick regime at first and only at later times
are able to escape. This is a completely different behaviour
compared to cases, where the optical depth does not change
over time (e.g., for a steady external photon source as in
section 6), and a direct consequence of the time-dependent
injection.
Figures 1 and 2 show the described behaviour of the op-
tical depth for both synchrotron and SSC photons as targets,
log(x)
ε 1
α = 20 , γ0,4 = 1 , lec = 50 , b = 1 , R15 = 1
τ
max,ssc
 = 5.83
−6 −5 −4 −3 −2 −1 0 1 2 3
10−8
10−6
10−4
10−2
100
102
104
106
108
Figure 2. The plot displays the photon energy ǫ1 versus time.
The shaded area shows the optically thick energy range due to
interactions with an SSC target field. The darker area shows
the range where the optical depth actually applies, since the red
dashed curve shows the cut-off energy of the SSC intensity at the
respective time. The blue dotted line marks ǫ1,max(x), with its
optical depth value τmax,ssc given in the top left corner. Param-
eters are given at the top.
respectively. The figures are an energy (ǫ1) versus time (x)
plot, where the energy range, which is subject to absorption
by the target photons, is grey shaded. The red dashed curve
shows the cut-off energy of the SSC intensity, which serves
as an example for the time-dependent behaviour of the high
energy photons (see appendix B). SSC photons of a given
energy are emitted to the left of the red dashed line, while
there are no photons produced to the right of the line. The
dark shaded area marks the energy range, which is actually
affected by the absorption, since at these times photons of
these energies are produced in the source. In the light grey
area the optical depth is irrelevant, because no more photons
are produced at these energies. The behaviour described in
the previous paragraph is obvious in figure 2, but it also
applies for the synchrotron target in figure 1. However, in
figure 1 the energy limits are higher than in figure 2, and
the highest emitted energies are captured by the synchrotron
target with the given parameters.
In both figures 1 and 2 the same parameters are used.
One should note that these are extreme parameters with
α = 20 and lec = 50. For the synchrotron case this choice
results in a high maximum optical depth of τmax,syn = 4080.
However, only the very highest energies of the SSC intensity
are affected by the optical depth. At these energies the SSC
intensity is already very low, as one can deduce from the very
short emission time indicated by the red dashed line. Reduc-
ing α and lec would result in a reduced τmax,syn, but would
not significantly change the absorbed energy region. Hence,
the effect of the synchrotron target field on the resulting
SED is minor for the given choice of parameters. Increas-
ing, for example, the initial electron Lorentz factor would
also result in a reduction of the maximum optical depth,
but would on the other hand increase the energy region af-
fected by photo-pair production, since the lower energy limit
decreases and the SSC intensity reaches higher energies.
For figure 2 the extreme parameters are necessary to
c© 0000 RAS, MNRAS 000, 000–000
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obtain some absorption at all. The parameters α = 20 and
lec = 50 correspond to a Compton dominance (ratio of the
maximum value of the high energetic component to the max-
imum value of the synchrotron component) of roughly a fac-
tor 104 (Zacharias & Schlickeiser 2012b). Hence, the flux of
the inverse Compton component is a factor 104 higher than
the flux in the synchrotron component. Such large values of
the Compton dominance are not observed, and are usually
< 100.
5 PHOTO-PAIR PRODUCTION FOR
EXTERNAL COMPTON PHOTON
TARGETS
As in the previous section, a general representation for the
time dependence of the EC intensity can be found. Hence,
Iec(ǫ, x) = Iec,0ǫ (v + px)
nG (qi(ǫ, x)) H [ǫec,max(x)− ǫ] ,
(36)
with
G(qi) = 2qi ln qi + (1 + 2qi)(1− qi) + 2ǫecǫqi(1− qi) ,
(37)
qi(ǫ, x) =
ǫ (v + px)n
Γecγ0
(
1− ǫ
γ0
(v + px)n/2
)
≈ ǫ (v + px)
n
Γecγ0
, (38)
ǫec,max(x) =
Γecγ0
(v + px)n
(
1 + Γec
(v+px)n/2
) , (39)
Γec = 4ǫecγ0 . (40)
The approximation in equation (38) holds, because the
Heaviside function in equation (36) sets the intensity to zero
before the bracket in the denominator of qi can deviate sig-
nificantly from unity. Γec is the Klein-Nishina parameter for
EC scattering.
Inserting equation (36) into equation (5) the optical
depth can be easily computed:
τγγ(ǫ1, x) =τecǫ
−1
1 (v + px)
nG (qi(ǫ1, x))
× H
[
ǫ1 − 2
ǫec,max(x)
]
. (41)
Here,
τec = 9.3 · 10−23 α
2(1 + lec)lecR15b
2
γ40,4ǫ
2
ec
, (42)
qi(ǫ1, x) =
2 (v + px)n
ǫ1Γecγ0
. (43)
From the value of τec it is obvious that a large optical depth
requires rather extreme parameter settings, although one
should keep in mind that generally ǫec ≪ 1.
In order to obtain some meaningful results, the function
G(qi) must be approximated, since in the current form the
equation τec(ǫtra,ec, x) = 1 cannot be solved. However, for
a rather large parameter range G(qi) ≈ 1, and therefore
this approximation is used to get a rough estimate of the
log(x)
ε 1
α = 400 , γ0,4 = 1 , lec = 100 , b = 1 , R15 = 1 , εec = 10
−5
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Figure 3. The plot displays the photon energy ǫ1 versus time.
The shaded area shows the optically thick energy range due to
interactions with an EC target field. The darker area shows the
range where the optical depth actually applies, since the red
dashed curve shows the cut-off energy of the SSC intensity at
the respective time. Parameters are given at the top.
transition energy. Now, the inversion is quite simple, and
the transition energy becomes
ǫtra,ec = τec (v + px)
n . (44)
The lower bound in figure 3 is the application of the
Heaviside function in equation (41). The optically thick
band is rather narrow despite the large value of α = 400.
Therefore, the earlier statement that extreme parameter set-
tings might be necessary has been confirmed.
The dark shaded area in figure 3 is the optically thick
region for SSC photons, used again as an example for the
high energy intensity. However, from the extreme parameter
settings one can conclude that γ− γ absorption with an EC
photon target is not an issue for blazars.
6 PHOTO-PAIR PRODUCTION FOR
EXTERNAL PHOTON TARGETS
In this section the photo-pair production by an ex-
ternal photon target is calculated. It is kept on a
basic level, since the absorption by such a pho-
ton field is discussed extensively in the literature,
for example Donea & Protheroe (2003); Reimer (2007);
Poutanen & Stern (2010); Stern & Poutanen (2011, 2014);
Dermer et al. (2009, 2014), and many more. One can think
of a lot of different external photon targets, such as the
accretion disk photons, the broad line region (BLR) or the
dusty torus. These possibilities differ in size and energy con-
tent, and thus their contribution to the optical depth around
the emission blob strongly depends on the distance of the
blob to the central black hole. A strong debate continues
in the literature about the location of the “blazar emission
zone”, as can also be seen in the above given citations.
As mentioned in section 2 the high energy photons pro-
duced in the emission blob can be absorbed in the entire
external photon region. Therefore the path length becomes
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R = Rex, which is scaled below as Rex = Rpcpc, because
1pc is a typical upper limit of the BLR size.
In Zacharias & Schlickeiser (2012b) the external photon
target for the inverse Compton scattering was modelled as
a line-like δ-function (see equation (9)), which could be pro-
duced by the BLR. Since, however, the integral of the optical
depth already contains a delta-function, the delta function
of the external photons is exchanged by a Gaussian in order
to keep a similar model:
δ (ǫ− ǫec)→ 1√
πσ
e
−
(ǫ−ǫec)
2
σ2 , (45)
where σ marks the widths of the Gaussian. It is a free param-
eter, which strongly influences the resulting energy range of
the optical depth, as will be discussed later.
Since the number of photons and the energy density
are connected by the relation u(ǫ) = mc2ǫn(ǫ), the photon
number density becomes
n(ǫ) =
4Γ2bu
′
ec
3
√
πmc2
1
σǫ
e
−
(ǫ−ǫec)
2
σ2 . (46)
From the definition of lec, one can rewrite the energy density
in external photons as u′ec = 3lecuB/4Γ
2
b . Then, the optical
depth becomes
τγγ(ǫ1) =
τext
σ
e
−
(
2
ǫ1
−ǫec
)2
σ2 , (47)
with
τext = 1.9 · 10−2Rpclecb2 . (48)
The consequence of equation (47) is twofold. Firstly,
the optical depth is obviously not time-dependent. Secondly,
there is no distinct maximum. This implies that one can
search for the energy ǫtra,ext where τγγ(ǫtra,ext) = 1, and
for all energies above the source is optically thick for all
times. The transition energy can be easily computed:
ǫtra,ext =
2
ǫec + σ
√
ln
(
τext
σ
) . (49)
For σ → 0 (i.e., the Gaussian becomes a δ-function), the
second summand in the denominator approaches zero and
the transition energy becomes ǫtra,ext = 2/ǫec. However, in
this case τγγ → 0, and therefore a fiducial value of σ = 10−3
is chosen for figure 4. As before, this figure shows the emit-
ted energy ǫ1 plotted versus time, and the optically thick
regime is marked in grey, while the red dashed line marks
the exemplary SSC intensity cut-off.
7 INFLUENCE ON THE TOTAL SED
Having calculated the optical depth τγγ for the various tar-
get photon fields, the optically thin intensities Ii(ǫ, x) of
section 3 have to be modified as
Iτ,i(ǫ, x) = Ii(ǫ, x)
1− e−τintγγ (ǫ,x)
τ intγγ (ǫ, x)
e−τ
ext
γγ (ǫ) , (50)
where τ intγγ (ǫ, x) is the sum of the internal optical depths,
namely synchrotron, SSC, and EC. The optical depth due
to the external photon field must be treated separately, and
is denoted by τ extγγ (ǫ). The distinction between ǫ and ǫ1 has
been dropped.
log(x)
ε 1
α = 20 , γ0,4 = 1 , lec = 50 , b = 1 , Rpc = 1 , εec = 10
−5
 , σ = 10−3
εtra,ext = 761
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104
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Figure 4. The plot displays the photon energy ǫ1 versus time.
The shaded area shows the optically thick energy range due to
interactions with a soft external photon target field. The darker
area shows the range where the optical depth actually applies,
since the red dashed curve shows the cut-off energy of the SSC
intensity at the respective time. The value of ǫtra,ext is indicated.
Parameters are given at the top (α and γ0,4 are also given, since
they are needed for the SSC intensity cut-off).
With equation (50) the optically thick intensity distri-
butions for all energies and times is known. However, ob-
servations are usually taken over a longer time scale, and
therefore the intensities Iτ,i have to be integrated with re-
spect to time as well, giving the SEDs ǫF (ǫ) after a formal
multiplication with the photon energy ǫ. Finite integration
limits can be used to obtain fractional SEDs, which give
valuable insights into the evolution of the SED. Here, only
the total SEDs are calculated with integration from zero to
infinity, i.e. over the entire flaring event. Transforming to the
observer’s frame (primed quantities) the total SEDs become
ν′F ′i (ν
′) =
R2δ4D(1 + z)
d2L
hν′
∞∫
0
Iτ,i
(
ν′
h(1 + z)
δDmc2
, t
)
dt ,
(51)
where δD is the Doppler factor, z the red shift, and dL the lu-
minosity distance of the source. Although the proper trans-
formations have been applied the absorption by the extra-
galactic background light has been neglected. It would cause
red shift dependent absorption at the highest energies, sim-
ilar to the absorption of the external soft photon field.
Examples are plotted in figure 5. The solid lines indi-
cate the optically thin SEDs, while the dashed lines show the
SEDs with the influence of the photo-pair production. Var-
ied in each plot are the scaled initial electron Lorentz factor
γ0,4 and the external Compton parameter lec. In the top row
of figure 5 lec = 0 implies no soft external photon field and,
of course, neither an EC component nor absorption effects
by that field. The other parameters are kept constant (see
table 1) in all plots, most importantly α = 20 resulting in a
strong dominance of the SSC component.
As discussed in section 4 the effect of the synchrotron
target is only minor. In the top left plot in figure 5 it influ-
ences only the highest energies, which are not even visible in
the plot, since they are beyond the exponential cut-off. The
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Figure 5. Total observed SEDs ν′F ′(ν′) versus observed frequency ν′ = ǫδDmc
2/h(1+ z). The solid lines are optically thin synchrotron
(black), SSC (green) and EC (red) SEDs, while the dashed lines include absorption. Varied parameters are given at the top, while the
constant parameters are given in table 1.
same is true for the lower left plot, while in the lower right
plot the effect is probably hidden by the strong influence of
the external photon field. In the upper right plot the influ-
ence is barely discernible, because of the strong impact by
the Klein-Nishina reduction.
The SSC target field becomes important for more ex-
treme settings in the lower left plot, where lec = 50. The
effect on intermediate energies is clearly visible. The slight
shift of the dip position between the SSC and EC component
can be explained by the different evolutions of the respective
intensities with respect to time. The SSC intensity evolves
much faster than the EC intensity, which means that the
maximum of the intensity distribution of the SSC moves
faster to lower energies than the maximum of the EC in any
given time interval.2 And since the optical depths is also
strongly time-dependent (at least for the synchrotron, SSC,
2 This is also obvious from the position of the break in the SSC
and EC component. Since the break is due to the change in the
cooling behaviour at time x = xc, the lower break energy of the
SSC component implies a faster evolution.
and EC targets) the position of the dip in the total SED
differs between the SSC and the EC component.
As mentioned in section 5 the influence of the EC target
can be safely neglected.
The lower row in figure 5 includes the external photon
field. Apart from the emerging EC component, the severe
effect of the absorption by the external field is obvious. Ir-
respective of the initial internal parameters both SSC and
EC component are cut-off at roughly 1024Hz in both plots.
Hence, potential dips at higher energies caused by the inter-
nal fields are not visible.
7.1 Minimum variability and the Doppler factor
Due to retardation effects the chosen size of the emission
region R15 = 1 implies a minimum variability time scale of
t′var = Rb(1 + z)/(cδ) ≈ 55min in the observer’s frame.
Reducing the size of the emission region by 1 order of
magnitude would make t′var comparable to the fastest ob-
served variabilities on the order of a few minutes (Cui 2004;
Aharonian et al. 2007; Albert et al. 2007). According to the
results presented above, the optical depth would also be re-
duced. However, the observed radiation power would be re-
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Parameter Value
Injection parameter α 20
Magnetic field b 1
External photon energy ǫec 10−5
Blob radius R15 1
BLR radius Rpc 1
Gaussian widths σ 10−3
Doppler factor δD 10
Red shift z 0.1
Luminosity distance dL 1.43 · 10
27cm
Table 1. Constant parameters in figure 5.
duced like-wise, which is in contrast to the observational
fact that short variability time scales correspond to extraor-
dinary high flux states.
Hence, in order to verify if the time-dependent injection
model is able to explain the most rapid variabilities, the
string of arguments laid out by Dondi & Ghisellini (1995) is
followed. According to equation (5), the optical depths due
to an internal photon field equals
τγγ(ǫ1, t) =
RbσT
3c
I
(
ǫ =
2
ǫ1
, t
)
=
d2LσT
3cRbδ3(1 + z)
I ′
(
ǫ′ =
2δ2
ǫ′1(1 + z)
2
, t′
)
. (52)
In the second line the transformation to the observer’s frame
has been applied. Note that the intensity transformation
only requires three powers of the Doppler factor, while the
transformation of the time integrated fluence requires four
powers. This follows from the invariance of both I(ǫ, t)/ǫ3
and dt /ǫ (Dermer & Menon 2009).
Using the requirement that Rb 6 cδt
′
var/(1 + z), the
minimum optical depth becomes
τγγ(ǫ1, t) >τγγ,min(ǫ1, t)
=
d2LσT
3c2δ4
I ′
(
ǫ′ = 2δ
2
ǫ′1(1+z)
2 , t
′ = t′var
)
t′var
. (53)
There are two reasons to set the time variable in the in-
tensity equal to the variability time scale. Firstly, the in-
tensity value at the variability time scale t′var is the max-
imum of the lightcurve for the interesting energies, since
only the highest energies of each component exhibit vari-
ability time scales as short as the light crossing time scale
(Zacharias & Schlickeiser 2013; Zacharias 2014). As a mat-
ter of fact, the cited minute-short variabilities are observed
at the highest energies of either the synchrotron or the in-
verse Compton component. Secondly, the intensity distribu-
tion in the source at t′var is a good representative of the state
of the source for the entire time period since the beginning
of the flare. This is especially true, if the internal retarda-
tion is taken into account. Even though the electrons have
considerably cooled and the emitted photons at t′ = t′var are
already less energetic than those emitted at the beginning
of the flare, the source is still filled with the higher energetic
photons from earlier times, since most of them did not have
had the time to leave the source and are still available for
absorption processes. This has been neglected in the pre-
ceding discussion for reasons of simplicity. The effect on the
cooling process by these retarded photons will be discussed
elsewhere.
In an optically thin source τγγ(ǫ1, t) < 1, and the result-
ing inequality can be solved for the Doppler factor. Hence,
δ >δmin
=

d2LσT
3c2
I ′
(
ǫ′ = 2δ
2
ǫ′1(1+z)
2 , t
′ = t′var
)
t′var


1/4
≈ 150

I ′
(
ǫ′ = 2δ
2
ǫ′1(1+z)
2 , t
′ = t′var
)
t′var


1/4
. (54)
This is the same result as in Dondi & Ghisellini (1995).
Thus, the time-dependent injection model cannot resolve
the strong requirement on the Doppler factor by the typ-
ical one-zone model, which is in conflict with VLBI ob-
servations where the observed Lorentz factors are on the
order of a few (the so-called “Doppler factor crisis”, e.g.
Henri & Sauge (2006); Begelman et al. (2008); Finke et al.
(2008), and many more).
Nevertheless, due to the severe consequences of the
time-dependent injection on the spectrum and the light
curves, as shown in previous papers, a wide utilization is en-
couraged. A combination with models that try to explain the
rapid variability, such as jets-in-a-jet (Giannios et al. 2009;
Biteau & Giebels 2012), magneto-centrifugal acceleration
(Ghisellini et al. 2009), jet-star interactions (Barkov et al.
2012), and others, might have interesting consequences jus-
tifying further studies.
8 SUMMARY AND CONCLUSIONS
In this paper the time-dependent character of the optical
depth τγγ in blazars subject to a time-dependent injection
scenario is discussed. For high energy photons the photo-pair
production optical depth is calculated using the simplifying
delta-function approach for the cross section. In all cases
the potentially time-dependent transition energies ǫtra(x)
between the optically thin and thick regimes are calculated
satisfying the relation τγγ(ǫtra, x) = 1.
The photo-pair production of high energy photons with
a target photon field is most relevant for steady photon tar-
gets. A line-like distribution of external photons is given in
this work as an example. Above a certain energy thresh-
old the source is optically thick, just as expected, with an
increasing value of τγγ for increasing values ǫ1 of the high
energy photon energies.
Apart from the external photons other possible target
photon fields are abundant in the source, namely the syn-
chrotron, the SSC and the EC photons produced by the
relativistic electrons of the emission blob. Since these target
photon fields are time-dependent, some at first sight strange
results emerge for the optical depth. Namely, there are two
solutions for the equation τγγ(ǫtra, x) = 1, resulting in time-
dependent upper and lower energy limits for the optically
thick regime. For synchrotron photons these limits are so
high that only the highest energies are affected. On the other
hand, these are usually beyond the cut-off energy of the high
energetic component, and thus only have a minor impact.
If the limits for the optically thick regime due to an SSC
target exist, they are at first at rather low energies. At later
times these limits increase to higher energies. However, since
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the time dependence of the respective intensities imply a de-
creasing cut-off time for increasing energies, no more high
energetic photons are produced when the source becomes
optically thick for them. Hence, high energy photons might
leave the source while medium or low energetic photons can-
not. This would cause a dip in the high energy component
in the MeV energy regime – an energy window currently not
covered by any operational telescope. This might be an in-
teresting target for the planned AstroMeV3 and Gamma-
Light (Morselli et al. 2013) missions. On the other hand, a
non-detection of such a feature would put further constraints
on the source parameters.
The EC target requires extreme parameter values in
order to cause some absorption. Hence, absorption by EC
photons can be safely ignored.
To summarize, the optical depths due to the time-
dependent internal photon fields is not a big issue. For purely
linearly cooling sources (i.e. α < 1) the optical depth due
to photo-pair production can be neglected. Even for α > 1
only the SSC photons might have a visible impact on the
SED, as can be seen in the example SEDs in figure 5. How-
ever, even for the SSC target a high value for the parameter
lec is necessary implying an unrealistically large Compton
dominance (c.f. the discussion at the end of section 4).
With respect to the so-called “Doppler factor crisis”
the simple change in the one-zone model from continuous
to time-dependent injection does not solve the problem. It
might, however, be useful in combination with other models.
For the sake of completeness, the calculation of the
synchrotron-self absorption optical depths is presented in
appendix C. This applies for low synchrotron photon ener-
gies, and is observed in some blazars as a steeper spectrum at
radio wavelengths compared to an optically thin spectrum.
In such cases the synchrotron-self absorption turn-over en-
ergy could be used to constrain the parameters. The time-
dependent injection model challenges this simple deduction,
since the turn-over energy is not a constant any more but
becomes strongly time dependent. From an initial low value
the turn-over energy increases to a maximum and then de-
creases until the source becomes totally optically thin at low
synchrotron energies. For a well sampled spectrum it might
be possible to deduce the maximum energy. Since it depends
only on three free parameters, it would certainly help to con-
strain the free parameters. Otherwise, precise knowledge of
the time of observation with respect to the onset of the flare
(i.e., time of injection) is necessary in order to make any
useful statement.
In conclusion, the optical depth can potentially be used
to constrain the free parameters, but is not a limitation to
the time-dependent injection model itself.
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APPENDIX A: CALCULATION OF THE
INTENSITIES
Here, a short summary of the calculation of the intensities
from section 3 is presented. First, the electron distribution
function is obtained from the kinetic equation, which is used
afterwards to calculate the emerging optically thin photon
intensities.
A1 Solution of the kinetic equation
Following Kardashev (1962), the electron distribution func-
tion n(γ, t) with the electron Lorentz factor γ and time t
can be calculated from the kinetic equation:
∂n(γ, t)
∂t
− ∂
∂γ
[|γ˙|totn(γ, t)] = Q(γ, t) . (A1)
The total cooling term |γ˙|tot contains three terms, namely
the linear synchrotron and EC cooling terms, and the non-
linear, time-dependent SSC cooling term. Hence,
|γ˙|tot = |γ˙|syn + |γ˙|ec + |γ˙|ssc
= D0(1 + lec)γ
2 + A0γ
2
∞∫
0
γ′2n(γ′, t) dγ′ , (A2)
where lec combines both linear cooling terms according to
equation (6). The lower limit in the integral is an approxi-
mation for large Lorentz factors.
A simple form of the injection Q(γ, t) is chosen:
Q(γ, t) = Q0 δ (γ − γ0) δ (t) , (A3)
that is a single burst of particles with number density Q0,
and Lorentz factor γ0 at time t = 0. The delta-function in
time might seem as a very simple form for a particle injec-
tion. It has, however, the important consequence that the
particles cannot reach equilibrium, which results in the non-
linearity of the SSC cooling term. In equilibrium conditions
(i.e., constant injection in time) the non-linearity is inhib-
ited, because the integral in equation (A2) yields a constant.
The derivation of the solution to equation (A1) under
the given scenario has been computed by Schlickeiser et al.
(2010). It turns out that the initial conditions, summarized
in the injection parameter α (c.f. equation (7)), define the
result. For α < 1 the electron distribution function becomes
n(γ, x) = Q0 δ
(
γ − γ0
1 + x
)
H [γ0 − γ] , (A4)
which is a purely linear solution. For α > 1 the result is
twofold:
n(γ, x < xc) = Q0 δ
(
γ − γ0
(1 + 3α2x)1/3
)
H [γ0 − γ] ,
(A5)
n(γ, x > xc) = Q0 δ
(
γ − γ0
αg + x
)
H
[γ0
α
− γ
]
, (A6)
which is a non-linear solution for early times, and a modified
linear solution for late times.
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A2 The synchrotron intensity
The optically thin synchrotron intensity is calculated by
Isyn(ǫ, x) =
R
4π
∞∫
0
n(γ, x)Psyn(ǫ, γ) dγ , (A7)
where the photon energy has been normalized to the electron
rest mass energy ǫ = Eph/mc
2. The synchrotron emission
power of a single electron is
Psyn(ǫ, γ) =
P0mc
2ǫ
γ2
CS
(
2mc2ǫ
3E0γ2
)
, (A8)
with P0 = 2 · 1024 erg−1s−1, and E0 = 1.856 · 1020b erg. The
function CS(w) can be approximated as
CS(w) ≈ a0w−2/3e−w , (A9)
with a0 = 1.151275 (Crusius & Schlickeiser (1986, 1988)).
Inserting the respective electron distribution functions
into equation (A7) gives the intensities (10), (13), and (16).
A3 The SSC intensity
The optically thin SSC intensity is calculated similarly to
the synchrotron intensity, by replacing Psyn with Pssc in
equation (A7). The SSC emission power of a single electron
is given by
Pssc(ǫs, γ) =Rmc
2ǫs
∞∫
0
dǫ
∞∫
γmin
dγ
1
ǫ
n(γ, x)
× Psyn(ǫ, γ)σKN (ǫs, ǫ, γ) . (A10)
Here, ǫs is the normalized photon energy after scattering,
4
and
γmin =
ǫs
2
(
1 +
√
1 +
1
ǫǫs
)
. (A11)
The Klein-Nishina cross section is defined as
σKN (ǫs, ǫ, γ) =
3σT
4ǫγ2
G(q(ǫs, ǫ, γ)) , (A12)
with the Thomson cross section σT = 6.65 · 10−25 cm2, and
G(q) =2q ln q + (1 + 2q)(1− q)
+ 2ǫǫsq(1− q) , (A13)
q(ǫs, ǫ, γ) =
ǫs
4ǫγ(γ − ǫs) . (A14)
The resulting equation for the intensity contains three
integrals, from which two can be easily solved due to the
delta-functions in the electron distribution. The third inte-
gral was approximately solved by Schlickeiser (2009) using
q instead of ǫ as integration variable. The integral is of the
form
J(A) =
1∫
0
1
q
CS
(
A
q
)
G(q) dq
≈ 63a0
100
A−2/3e−A . (A15)
Inserting all these definitions, the intensities (11), (14),
and (17) emerge.
4 The subscript s is dropped in the main body of the text, since
the distinction is not necessary there.
A4 The EC intensity
In Zacharias & Schlickeiser (2012b) the intensity of an
isotropic electron distribution scattering an angle-averaged
external photon distribution has been derived as
Iec(ǫs, x) =
Rcǫs
4πmc2
∞∫
0
dǫ
u(ǫ)
ǫ
∞∫
0
dγ n(γ, x)σKN(ǫs, ǫ, γ) .
(A16)
Here, u(ǫ) is the energy density of the external photon source
in the blob frame, and σKN (ǫs, ǫ, γ) is the Klein-Nishina
cross section as given in the previous section.
For simplicity, Zacharias & Schlickeiser (2012b) as-
sumed a line-like distribution of external photons, which
they modelled as
u(ǫ) =
4Γ2b
3
u′ec δ (ǫ− ǫec) . (A17)
The fraction contains the angle-averaged transformation
rule from the galactic system (where the external energy
density u′ec is defined) to the blob frame. The blob moves
with a Lorentz factor Γb. The normalized energy of the line
radiation is given as ǫec, which is usually much smaller than
unity.
Inserting the external photon density and the electron
distribution into equation (A16) yields the respective inten-
sities given in equations (12), (15), and (18).
APPENDIX B: SSC CUT-OFF ENERGY
Since the intensities from section 3 are time-dependent, the
number of emitted photons of a specific energy ǫ depends
on time, as well. According to the lightcurves calculated by
Zacharias & Schlickeiser (2013) and Zacharias (2014), the
cut-off time of the lightcurve increases for decreasing pho-
ton energy. This has interesting consequences for the optical
depths as is discussed in the respective sections.
In order to compare the time-dependent optical depth
with the time-dependent high energy intensities, the SSC
cut-off energy is shown in figures 1 - 4. Following Zacharias
(2014), the cut-off energy is obtained as follows. Rewriting
the argument of the exponential of the general intensity (22)
ǫ
ǫt
(v + px)n =
ǫ
ǫt
+
ǫ
ǫt
[(v + px)n − 1]
=
ǫ
ǫt
+ A(ǫ, x) , (B1)
the cut-off energy is determined from the equation
A(ǫoff , x) = 1, resulting in
ǫoff (x) =
ǫt
(v + px)n − 1 . (B2)
This cut-off energy is shown in figures 1 - 4 as the red-dashed
line.
APPENDIX C: SYNCHROTRON-SELF
ABSORPTION
Synchrotron-self absorption is an important process at very
low synchrotron energies. It cannot be treated as the pre-
vious cases. The following calculations have already been
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performed by Zacharias (2013), and it is presented here
in order to give a complete picture of the internal absorp-
tion processes. The relevant equations are well known (e.g.
Dermer & Menon (2009, ch. 7.8)). Here, only the calcula-
tion of the transition energy is presented. The details with
respect to the spectrum and its time-dependent evolution
can be found in (Zacharias 2013, ch. 3).
The optical depths of synchrotron-self absorption can
be written as
τssa(ǫ, x) =
Rh3
8πm3c4ǫ2
∞∫
0
n(γ, x)
γ2
d
dγ
[
γ2Psyn(ǫ, γ)
]
dγ .
(C1)
Here, h = 6.6261 · 10−27erg s is Planck’s constant, and the
spectral synchrotron power is given by
Psyn(ǫ, γ) =
P0mc
2ǫ
γ2
CS
(
2mc2ǫ
3E0γ2
)
, (C2)
with
CS(w) = a0w
−2/3e−w . (C3)
The specific values of the constant can be found in appendix
A2.
With these definitions, the derivative in equation (C1)
can be easily computed:
d
dγ
[
γ4/3e
−
2mc2ǫ
3E0γ
2
]
=
4
3
γ1/3e
−
2mc2ǫ
3E0γ
2
[
1 +
mc2ǫ
E0γ2
]
. (C4)
Due to some complications stemming from equation
(C4) the optical depth cannot be evaluated in the general
form as was done in sections 4 and 5. Instead, equation (C1)
has to be solved for each case of α individually.
C1 The case α < 1
Inserting the electron distribution function for the case
α < 1 [equation (A4)] into equation (C1), one immediately
obtains
τssa(ǫ, x) =Issa
(
ǫ
ǫ0
)
−5/3
(1 + x)5/3
×
[
1 +
3
2
ǫ
ǫ0
(1 + x)2
]
e
−
ǫ
ǫ0
(1+x)2
, (C5)
with Issa = 1.53·10−13α2/bγ70,4. The relation Issa < 1 results
in α < 2.5 · 106γ7/20,4 b1/2. Although this relation should hold
in basically all circumstances, it is not a strict requirement.
However, it has some consequences that become obvious be-
low.
Setting τssa(ǫtra,ssa, x) = 1, the time-dependent be-
haviour of the transition energy ǫtra,ssa can be obtained.
The steps from section 4 can be used again in order to obtain
approximative results. Approximating first for small values
of the argument of the exponential ǫ(1 + x)2/ǫ0 ≪ 1, the
transition energy becomes
1 ≈ Issaω−5/3tra,01 (1 + x)5/3
⇒ ωtra,01 ≈ I3/5ssa (1 + x) , (C6)
where ωtra = ǫtra,ssa/ǫ0.
α = 0.1 , γ0,4 = 1 , b = 1 , lec = 100 , R15 = 1
log(x)
ω
tra
(x)
 
 
 xtra,0
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10−10
10−9
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10−7
10−6
10−5
10−4
ωtra,01
ωtra,02
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Figure C1. Transition energy ωtra as a function of time x for
α < 1. The black solid curve shows ωtra,01, the black dot-dashed
curve ωtra,02, and the red dot-dashed curve the approximation
of ωtra,02. The transition time xtra,0 is indicated by the black
vertical dashed line. The light grey area marks the optical thick
regime bounded by the approximation, while the dark area marks
the optical thick regime bounded by the correct value of ωtra,02.
Parameters are given at the top.
In the opposite case ǫ(1+ x)2/ǫ0 ≫ 1, stronger approx-
imations are necessary:
1 ≈3
2
Issaω
−2/3
tra,02 (1 + x)
11/3
× e−ωtra,02(1+x)2
⇔ 3
2
Issa (1 + x)
5 =
[
ωtra,02 (1 + x)
2]2/3 eωtra,02(1+x)2 .
(C7)
The right-hand-side of this equation can be approximated
as follows [
ωtra,02 (1 + x)
2
]2/3
eωtra,02(1+x)
2
=eωtra,02(1+x)
2+ 3
2
ln [ωtra,02(1+x)2]
≈eωtra,02(1+x)2 , (C8)
giving
ωtra,02 ≈ 1
(1 + x)2
ln
[
3
2
Issa (1 + x)
5
]
≈ (1 + x)−2 . (C9)
The quality of the last approximation can be checked in
figure C1.
The transition time from ωtra,01 to ωtra,02 is given by
xtra,0 = ω
−1/2
tra − 1
⇒ xtra,0 = I−1/5ssa − 1 . (C10)
For Issa > 1 the transition time is negative, and only the
second transition energy needs to be considered. However,
as stated above, this case should not occur under normal
circumstances.
As is obvious from figure C1, the transition energy de-
pends strongly on time. Hence, the optical depth of the
source with respect to synchrotron-self absorption depends
c© 0000 RAS, MNRAS 000, 000–000
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on time, as well. The maximum energy is attained at the
transition time with an energy ǫtra,ssa,max = I
2/5
ssa ǫ0 =
2.5 · 10−11α2/γ50,4. In the example of figure C1 this corre-
sponds to a wavelength on the order of a few meter.
C2 The case α > 1
For the initial SSC cooling case α > 1, equations (A5) and
(A6) must be used in equation (C1), giving
τssa(ǫ, x < xc) =Issa
(
ǫ
ǫ0
)
−5/3 (
1 + 3α2x
)5/9
×
[
1 +
3
2
ǫ
ǫ0
(
1 + 3α2x
)2/3]
e
−
ǫ
ǫ0
(1+3α2x)2/3 ,
(C11)
and
τssa(ǫ, x > xc) =Issa
(
ǫ
ǫ0
)
−5/3
(αg + x)
5/3
×
[
1 +
3
2
ǫ
ǫ0
(αg + x)
2
]
e
−
ǫ
ǫ0
(αg+x)2 ,
(C12)
respectively.
Approximating as in the previous section yields obvi-
ously 4 transition energies. Using the steps outlined in the
previous section, one obtains for x < xc
ωtra,11 = I
3/5
ssa
(
1 + 3α2x
)1/3
, (C13)
ωtra,12 =
1
(1 + 3α2x)2/3
ln
[
3
2
Issa
(
1 + 3α2x
)5/3]
≈ (1 + 3α2x)−2/3 . (C14)
The transition time becomes
xtra,1 =
1
3α2
(
ω
−3/2
tra,1 − 1
)
⇒ xtra,1 = 1
3α2
(
I−3/5ssa − 1
)
. (C15)
For x > xc similar steps lead to
ωtra,21 = I
3/5
ssa (αg + x) , (C16)
ωtra,22 =
1
(αg + x)
2 ln
[
3
2
Issa (αg + x)
5
]
≈ (αg + x)−2 . (C17)
Here, the transition time is found to be
xtra,2 = ω
−1/2
tra − αg
⇒ xtra,2 = I−1/5ssa − αg . (C18)
Relating both transition times to xc like xtra,1,2 > xc,
both cases result in the same relation: I
−1/5
ssa > α, imply-
ing α < 67.7γ0,4b
1/7. Hence, under normal circumstances
(α ∼ 10) one obtains xtra,1 > xc, and therefore the transi-
tion energy changes directly from ωtra,11 to ωtra,21. In the
opposite case, the transition would occur from ωtra,12 to
ωtra,22.
The behaviour of the optical depth is similar to the
α < 1 case, apart from the fact that more subcases are
considered, as is obvious in figure C2. The maximum energy
is the same as in the previous case ǫtra,ssa,max = I
2/5
ssa ǫ0 =
2.5 · 10−11α2/γ50,4, which corresponds in the given example
to a wavelength in the sub-mm regime.
α = 10 , γ0,4 = 1 , b = 1 , lec = 100 , R15 = 1
log(x)
ω
tra
(x)
 
 
 x
c
 xtra,2
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Figure C2. Transition energy ωtra as a function of time x for
α > 1. The black solid curve shows ωtra,11, the black dashed
curve ωtra,21, the black dot-dashed curve ωtra,22, and the red
dot-dashed curve the approximation of ωtra,22. The transition
times xc, and xtra,2 are indicated by the black vertical dashed
lines. The light grey area marks the optical thick regime bounded
by the approximation, while the dark area marks the optical thick
regime bounded by the correct value of ωtra,02. Parameters are
given at the top.
C3 Remarks
The time dependence of the optical depth implies some in-
teresting features, which are not possible in a steady source.
The general behaviour of the transition energies are
rather similar in both cases of α. At first the optical depth
increases and after reaching the maximum energy (which is
the same function in all cases, but depends on the chosen pa-
rameters) it begins to decrease, again. For x→∞ the source
becomes completely optically thin. Hence, in the total SEDs
of figure 5 the optically thick part of the synchrotron SED
is not visible, since the integration is from zero to infinity.
There are also important differences between the two
cases of α. For α > 1 the increase starts a factor 3α2 earlier
than in the α < 1 case, and the first increase is not as steep.
As expected, they are the same beyond xc.
The SSA transition energy could be used as a proxy for
the source parameters (e.g., Nalewajko et al. (2014)), since
in steady-state scenarios the transition energy is constant.
However, in the given time-dependent injection scenario the
parameters cannot be derived from the transition energy as
easily, unless the observation time with respect to the onset
of the flare (i.e., particle injection) is known. On the other
hand, if the maximum transition energy can be deduced
from the data, the parameter space can be significantly re-
duced, since ǫtra,ssa,max depends only on 2 free parameters
(3, if the Doppler factor is taken into account).
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